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In this contribution I review the physics of top quarks at a future Linear
Collider. Main emphasis is put on the process e+e− → tt¯ close to threshold.
Different physical observables, their sensitivity to the basic parameters and
their theoretical prediction are discussed. Recent higher order calculations
are shown to have a considerable impact on a precise determination of the
top quark mass. It is pointed out how the use of mass definitions different
from the pole mass scheme become important in this respect. Continuum
top quark production above threshold is discussed briefly.
PACS numbers: 14.65.Ha, 13.90.+i, 12.38.Bx
1. Introduction
Top Quark Physics will be one of the main physics cases for future
collider physics. Whereas the first direct discovery of top was one of the
main successes of the proton collider at Fermilab, the precise measurement
of the top quark mass and its couplings will remain the task of a future
lepton collider.
But why should we be interested in such high precision measurements in
the top sector? The top quark is the heaviest elementary particle observed
up to now. Because of its very high mass mt ≈ 175 GeV it plays a promi-
nent role for our understanding of the Standard Model (SM) and the physics
beyond. Already before its direct observation there was indirect evidence of
the large top quark mass: through radiative corrections mt enters quadrati-
cally into the ρ parameter. From precision measurements of the electroweak
parameters MZ , MW , sin
2 θW and GF a top quark mass was predicted in
striking agreement with the value measured at Fermilab. Within the frame-
work of the SM the mass of the Higgs boson can be constrained from the
weak boson masses MW and MZ together with mt: MH = f(MZ ,MW ,mt).
As the Higgs mass enters in logarithmic form, stringent mass bounds can
∗ Presented at the Cracow Epiphany Conference on Electron-Positron Colliders, 5-10
January 1999, Krakow, Poland.
3be derived only once the other parameters are known with high accuracy.
With an absolute uncertainty of the top quark mass ∆mt
<
∼ 200 MeV the
Higgs mass will be extracted with an accuracy better than 17%. This will
constitute one of the strongest tests of the mechanism of electroweak sym-
metry breaking at the quantum level and therefore of our understanding of
the structure of the SM.
At the starting time of a future Linear Collider (LC) Higgs boson(s) may
hopefully already have been discovered with the hadron machine at Fermilab
or at the LHC (assuming LEP2 is not the lucky one in the next future).
Still, to pin down parameters precisely and to learn which sort of physics
beyond the SM is realized in nature, many detailed studies will be required.
With an expected accuracy of ∆mt/mt ≈ 1 · 10−3 (∆mb/mb ≃ O(%)) and
the large Yukawa coupling λ2t ≈ 0.5 (λ2b ≈ 4 · 10−4) the top quark will play
a key role in finding the theory that gives the link between masses and
mixings and quarks and leptons.
Apart from that the large top quark mass has another important conse-
quence: being much heavier than theW boson the top decays predominantly
into the W and a bottom quark with the large (Born) decay rate
Γ
(0)
t =
GF√
2
m3t
8π
≈ 1.5 GeV ≫ ΛQCD . (1)
Therefore top is the only quark that lives too short to hadronize. The
large width Γt serves as a welcome cut-off of non-perturbative effects [1]
and the top quark behaves like a free quark. In this way top quark physics
is an ideal test-laboratory for QCD at high scales, where predictions within
perturbation theory are reliable.
Having these goals in mind a future e+e− Linear Collider (see e.g. [2, 3])
will be the ideal machine to study the top quark in detail. (The same
will be true for a µ+µ− collider, once technologically feasible.) The clean
environment and generally small backgrounds make it complementary to
hadron machines, where higher energies can be achieved more easily. In
addition the collision of point-like, colourless leptons guarantees very good
control of the systematic uncertainties. Operation with highly polarized
electrons (and to a smaller extent also positrons) is realizable and will open
new possibilities. Another option is the use of Compton back-scattered
photons of intense lasers from the electron and positron bunches, allowing
for operation of the e+e− collider in the γγ (or eγ) mode. These modes
can be very useful for certain studies of the Higgs sector and other areas
of electroweak physics, but will be less important for top quark physics.
Therefore the following discussion will be limited to e+e− collisions.1
1 Reader interested in the physics of γγ collisions are referred to [2] (and references
therein) for a general discussion and to [4] especially for γγ → tt¯ at threshold.
4The article is organized as follows: In Section 2 the scenario of top
quark pair production at threshold is described in some detail. I discuss
the important parameters, accessible observables and their sensitivity, and
the corresponding theoretical predictions. Recent higher order calculations
are reviewed. It will be shown how the large theoretical uncertainties in the
shape of the cross section near threshold can be avoided by using a mass
definition different from the pole mass scheme. In Section 3 a brief discussion
of some important issues in top quark production above threshold is given.
Section 4 contains the conclusions. For a comprehensive review of top quark
physics (including top at hadron colliders) see also [5]. Clearly the rich field
of top quark physics cannot be completely covered in this contribution,
which is somewhat biased towards tt¯ at threshold. This is also partly due
to the author’s experience. I would like to apologize to those who miss
important information or feel own contributions to top physics not covered
properly or not mentioned at all.
2. The tt¯ Threshold
2.1. What’s so special about the top threshold?
Close to the nominal production threshold
√
s = 2mt top and anti-
top are produced with non-relativistic velocities v =
√
1− 4m2t /s ≪ 1.
The exchange of (multiple, ladder-like) Coulombic gluons leads to a strong
attractive interaction, proportional to (αs/v)
n. These terms are not sup-
pressed and the usual expansion in αs breaks down. Summation leads to
the well known Coulomb enhancement factor at threshold, giving a smooth
transition to the regime of bound state formation below threshold, which
cannot be described using ordinary perturbation theory. In principle we
would expect a picture like this with “Toponium” resonances similar to the
case of bottom quarks which form the Υ(nS) mesons at threshold. How-
ever, in the case of top quarks, the rapid decay makes a formation of real
tt¯ bound states impossible. The width of the tt¯ system is saturated by the
decay of its constituents: Γt−t¯ ≈ 2Γt ≈ 3 GeV. This is much larger than
the expected level spacing and leads to a smearing of any sharp resonance
structure, leaving only a remnant of the 1S peak visible in the excitation
curve. Therefore there will be nothing like tt¯-spectroscopy to study at the
top threshold. Nevertheless the short life-time of the top quarks also has
a remarkable advantage: non-perturbative effects, hadronization and real
(soft) gluon emission are suppressed by Γt, mt.
2 Therefore, in contrast to
2 For studies concerning the effects of real gluon emission see also Ref. [6].
5the bottom (let alone the charm) quark sector, top quark production be-
comes calculable in perturbative QCD [7]. tt¯ is, from the theoretical point
of view, much “cleaner” than cc¯ and bb¯ and will allow for more detailed
tests of the underlying theory and a more precise determination of the basic
parameters mt, αs (and Γt). In this sense tt¯ at threshold is a unique system,
which deserves to be studied in detail at a future e+e− collider.
2.2. Parameters to be determined
• As mentioned already above the main goal will be a precise measure-
ment of the top quark mass. Current analyses from CDF and D0 at the
Tevatron at Fermilab determine mt by reconstructing the mass event by
event. Current values are
mpolet = 176.0 ± 6.5 GeV (CDF [8]) ,
mpolet = 172.1 ± 7.1 GeV (D0 [9]) . (2)
The Run II at the Tevatron is expected to improve the accuracy down to
maybe ∆mt = 2 GeV. It looks impossible to reach a higher accuracy at
hadron colliders. In contrast, with a threshold scan of the cross section at
a future e+e− Linear Collider one will be able to reach ∆mt = 200 MeV or
even better [3, 10, 11]. High luminosity will allow for very small statistical
errors so that the accuracy will be limited mainly by systematic errors and
theoretical uncertainties.
• The strong coupling αs governs the interaction of t and t¯. It enters the
Coulombic potential V (r) = −CF αs/r which dominates close to threshold,
as well as other corrections which get important at higher orders of pertur-
bation theory (see below). αs may either be taken as an input (with some
error) measured independently at other experiments or, alternatively, can
be determined simultaneously with mt in a combined fit.
• The (free) top quark width Γt leads to the smearing of the resonances
and strongly influences the shape of the cross section at threshold. As will
be discussed below, Γt can be measured with good precision near threshold
either in the tt¯ production process or by help of observables specific to the
decay.3 In the framework of the SM Γt can be predicted reliably: the first
order αs [13] and electroweak [14] corrections are known for some time (see
also [15]), and recently even corrections of order α2s became available [16].
The O(αs) corrections lower the Born result by about 10%, whereas O(α2s)
and electroweak contributions effectively cancel each other, with corrections
3 For a detailed discussion of top quark decays see also [12].
6of about −2% and +2%, respectively. In extensions of the SM the top
quark decay rate can be significantly different from the SM value: new
channels like the decay in a charged Higgs (t → bH+) in supersymmetric
theories will lead to an increase of Γt. In models with a forth generation
the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing-matrix element Vtb
will be smaller than the SM value V
(SM)
tb ≃ 1 and lead to a suppression of
Γ
(SM)
t .
• The electroweak couplings of the top quark enter both in production
and decay. Especially in angular distributions (of the decay products) and
in observables sensitive to the polarization of the top quarks deviations from
the SM may be found. In principle even the influence of the Higgs on the
tt¯ production vertex should be visible [17]. Unfortunately, for the currently
allowed range of Higgs-masses, effects due to (heavy) Higgs exchange mainly
result in a “hard” vertex correction which changes the overall normalization
of the cross section. As will be discussed below, contributions of this sort
are in competition with uncertainties from other higher order corrections
and therefore difficult to disentangle at the tt¯ threshold.
Therefore, to determine the parameters with high precision and to even-
tually become sensitive to new physics, a thorough understanding of the SM
physics, in particular the QCD dynamics, is mandatory.
2.3. Theory’s tools to make predictions
How to predict the cross section close to threshold? In principle one
could write the cross section as a sum over many overlapping resonances
[18]:
σ(e+e− → tt¯ ) ∼ −Im
∑
n
|ψn(r = 0)|2
E − En + iΓt , (3)
where ψn are the wave functions of the nS states with the corresponding
Eigenenergies En. (Close to threshold S wave production is dominating
with the contributions from P waves being suppressed by two powers of
the velocity v. With v ≈ αs these contributions have to be considered only
at next-to-next-to-leading order.) However, this explicit summation is not
very convenient, as the sum does not converge fast, especially for positive
energies E =
√
s−2mt. As shown by Fadin and Khoze [7], the problem can
be solved within the formalism of non-relativistic Green functions:
σ(e+e− → tt¯ ) ∼ −ImG(r = 0, E + iΓt) . (4)
7The Green function G is the solution of the Schro¨dinger equation[(
−
~∇2
mt
+ V (~r )
)
− (E + iΓt)
]
G (~r,E + iΓt) = δ
(3) (~r ) (5)
or, equivalently, the Lippmann-Schwinger equation in momentum space
G˜ (~p,E + iΓt) = G˜0 + G˜0
∫
d3q
(2π)3
V˜ (~p− ~q ) G˜ (~q,E + iΓt) , (6)
where G˜0 ≡
(
E + iΓt − p2/mt
)−1
is the free Green function. At leading
and next-to-leading order the continuation of the energy in the complex
plane E + iΓt is all that is needed to take care of the finite decay width of
the top quarks. These equations can be solved numerically using a realistic
QCD potential V (r) = −CFαs(r)/r or V˜
(
q2
)
= −4πCFαs(q2)/q2 to give
the total cross section [19, 20, 21]
σ
(
e+e− → γ∗ → tt¯ ) = 32π2 α2
3m2t s
ImG (r = 0, E + iΓt) . (7)
The top quark momentum distribution (differential with respect to the mod-
ulus of the top quark three momentum p), which reflects the Fermi motion in
the would-be bound state and the instability of the top quarks, is obtained
by
dσ(p,E + iΓt)
dp
=
16α2
3 sm2t
Γt p
2
∣∣∣G˜ (p,E + iΓt)∣∣∣2 . (8)
Eqs. (7, 8) are correct at leading order in αs, v. At next-to-leading order
(NLO) various new effects have to be taken into account. Apart from the
well known O(αs) corrections to the static QCD potential [22] the exchange
of “hard” gluons results in the vertex correction factor (1− 16αs/(3π)) in
the (total and differential) cross section [23]. Interference of the production
through a virtual photon and a virtual Z boson leads to the interference
of the vector current induced S wave with the axial-vector current induced
P wave contributions. This S-P wave interference is suppressed by order v
and drops out in the total cross section after the angular (cos θ) integration.
However, it contributes to the differential rate and will be measured in
observables like the forward-backward asymmetry AFB [24, 25]. In addition,
at order αs, there are final state corrections coming from gluon exchange
between the produced t and t¯ and their strong interacting decay products
b and b¯. The final state interactions in the tb and t¯b¯ systems factorize and
are easily taken into account by using the (order αs) corrected free top
quark width Γt, with no other corrections at O(αs) [26, 27]. However, the
8“crosstalk” between t b¯, t¯ b and b b¯ leads to non-factorizable corrections
which have to be considered in addition.4 These corrections are suppressed
in the total cross section [28, 29], but contribute in differential distributions
and hence inAFB.5 Results obtained in the framework of the non-relativistic
Green function approach are available at O(αs), see [31, 32]. At the same
accuracy polarization of the produced t and t¯, depending on the polarization
of the e+ and e− beams, has been studied in [25, 31, 32]. Therefore, at order
(αs, v), theoretical predictions are available for a variety of observables at
the top quark threshold, as will be discussed in the next paragraph.
Electroweak corrections to the tt¯ production vertex have been calculated
for the threshold region [33] as well as for general energies [34] in the SM
and even in the Minimal Supersymmetric SM (MSSM), see [35].
2.4. Observables and their sensitivity
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Fig. 1. Total cross section σ(e+e− → tt¯ ) (in pb) as a function of the total centre
of mass energy for two different values of mt and αs. The upper curves correspond
to αs(MZ) = 0.121, the lower ones to αs(MZ) = 0.115. (Figure taken from [3].)
• The (from the theoretical as well as from the experimatal point of
view) cleanest observable is the total cross section σtot. Depending on the
4 In principle hadronically decaying W bosons also take part in these final state inter-
actions.
5 See also Ref. [30] and references therein for a discussion of the possible impact of
colour reconnection effects on the top quark mass determination.
9decays of the W+ and W− from the t and the t¯ quarks, tt¯ decays into six
jets (46%), four jets + l+ νl (44%) or two jets + l l
′ ν ν ′ (10%) (60, 35 and
5%, respectively, if l = e, µ only and τ -leptons are excluded). The main
backgrounds are from e+e− → W+W−, Z0Z0 and f f¯ (plus gluons and
photons). These processes are well under control as distinguishable from
the signal (e.g. by higher Thrust or less jets) and constitute no big problem
for the experimental analysis. The total cross section is mainly sensitive to
mt and αs. Fig. 1 shows the cross section for two different values of the top
quark mass and two values of the strong coupling, plotted over the total
centre of mass energy. Note the correlation between mt and αs: higher top-
masses lead to a shift of the remainder of the 1S peak to larger energies.
In a similar way an increase of αs is equivalent to a stronger potential (a
larger negative binding energy) and hence lowers the peak position. I will
come back to this point later. In practice, the shape of the cross section
will not look as pronounced as in Fig. 1. Initial state radiation (of photons
Fig. 2. Total cross section in the threshold region including initial-state and beam-
strahlung. The errors of the data points correspond to an integrated luminosity of∫ L = 50 fb−1 in total. The dotted curves indicate shifts of the top mass by 200
and 400 MeV. (Figure taken from [3].)
from the e+ and e− beams) as well as the beamstrahlung-effects from the
interaction of the e+ and e− bunches lead to a distortion of the original
shape. Fig. 2 displays how the total cross section is expected to look under
realistic conditions. The dots in the plot are Monte-Carlo generated “data
points” of a typical planned threshold scan.
In addition σtot also depends on the Higgs mass MH and the top quark
10
width Γt. As mentioned already above, the Higgs mainly influences the
normalization of the cross section which will probably not allow for a high
sensitivity to MH once other uncertainties are taken into account. Γt, on
the other hand, influences the shape: the smaller the width the more pro-
nounced the peak. This will be used together with the sensitivity of other
observables to measure Γt.
• Another observable is the momentum distribution dσ/dp, obtained
from the reconstruction of the three momentum of the top (and antitop)
quark. With the possible high statistics at a future Linear Collider the
distribution can be well measured. As shown in Fig. 3, the peak position
strongly depends on mt but less on the QCD coupling: for higher values of
mt the distribution is peaked at much lower momenta, whereas the coupling
strength mainly changes the normalization. Therefore a measurement of the
0
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Fig. 3. The differential cross section dσ/dp as a function of the top quark mo-
mentum p for a fixed value of the centre of mass energy (349 GeV). mt and αs are
chosen as indicated. (Figure taken from [3].)
momentum distribution can help to disentangle the strong correlation of mt
and αs in the total cross section (see [10]). There is also a less pronounced
dependence on Γt.
• As mentioned above, S-P wave interference leads to a nontrivial cos θ
(θ being the angle between the e− beam and the t direction) dependence of
11
the cross section. The resulting forward-backward asymmetry
AFB = 1
σtot
[∫ 1
0
d cos θ −
∫ 0
−1
d cos θ
]
dσ
d cos θ
(9)
shows a considerable dependence on Γt and αs, but is not very sensitive
to mt. In Fig. 4 AFB is plotted as a function of
√
s for three different
0
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A
FB
Γt = [ 0.8, 1, 1.2 ] * ΓtSM
(dashed, solid, dotted)
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Fig. 4. Forward-backward asymmetry AFB as a function of E =
√
s − 2mt for
three different values of the top quark width and the strong coupling. Upper plot:
variation of Γt by ±20% around the SM value ΓSMt = 1.43 GeV and αs(MZ) =
0.118. Lower plot: αs(MZ) = 0.115, 0.118, 0.121 and Γt = 1.43 GeV. (mt = 175
GeV.)
choices of Γt and αs. With increasing width the overlap of S and P waves
becomes bigger and hence the asymmetry is enhanced. Together with the
total and differential cross section the measurement of AFB can be used to
12
Fig. 5. Increase of the χ2 of the fit as a function of the top quark width using the
forward-backward asymmetry AFB (solid line), adding the top quark momentum
distribution (dashed line) and the total cross section (dotted line). (Figure taken
from [10].)
determine Γt by a fit. The sensitivity of such a fit to the different observ-
ables is demonstrated in Fig. 5.
Please note that the figures for the cross section and the asymmetry do
not contain the (nonfactorizable) O(αs) rescattering corrections discussed
in Section 2.3. They are absent in the total cross section but slightly change
dσ/dp and AFB, see [31, 32] for a detailed discussion.
• Top Quark Polarization: Near threshold S wave production domi-
nates (~L = 0) and the total spin consists of the spins of the top and antitop
quarks, ~Jγ∗, Z∗ = ~St + ~St¯. In leading order the top spin is aligned with the
e+e− beam direction. Even without polarization of the initial e+ and e−
beams, the top quarks are produced with −40% (longitudinal) polarization.
For a realistic (longitudinal) e− polarization of Pe− = +80% (−80%) and
an unpolarized e+ beam (Pe+ = 0) the top polarization amounts to +60%
(−90%). This picture is changed only slightly due to S-P wave interference
effects of O(v) and rescattering effects of O(αs), which lead to top polariza-
tions perpendicular to the beam direction (transverse) and normal to the
production plane. Normal polarization could also be induced by time rever-
sal odd components of the γtt¯- or Ztt¯-couplings, e.g. by an electric dipole
13
moment, signalling physics beyond the SM.
The influence of the bound state dynamics near threshold was calculated
in the Green function formalism, including the polarization of the initial
beams, the S-P wave interference contributions and the O(αs) rescattering
effects [25, 31, 32]. Neglecting contributions due to rescattering, the three
polarizations can be written as∣∣∣~S‖∣∣∣ = C0‖ + C1‖ ϕR(p,E) cos θ ,∣∣∣~S⊥∣∣∣ = C⊥ ϕR(p,E) sin θ ,∣∣∣~SN∣∣∣ = CN ϕI(p,E) sin θ . (10)
The functions ϕR,I contain all information about the threshold dynamics,
whereas the coefficients C are dependent on the electroweak couplings and
the e+e− polarization (see e.g. Ref. [31] for complete formulae). Fig. 6
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Fig. 6. Coefficients C as functions of the polarization χ as described in the text,
for
√
s = 180 GeV and sin2 θW = 0.2317.
shows the coefficients C0‖ , C
0
⊥, C⊥ and CN as functions of the effective
polarization χ = (Pe+ − Pe−)/(1 − Pe+Pe−). From Fig. 6 it becomes clear
that by choosing the appropriate longitudinal polarization of the e− beam
one can tune the normal polarization of the top quarks ~SN to dominate.
The functions ϕR,I(p,E) are displayed in Fig. 7 for four different energies E
around the threshold. Also shown is the result for free quarks, ϕR = p/mt.
The normal polarization depends basically on the parameters Γt, αs and
is relatively stable against rescattering corrections. The αs dependence can
be understood from the case of stable quarks and a pure Coulomb potential,
where the analytical solution exists [36]: ϕI → 23 αs. In contrast, the sub-
leading (angular dependent) part of the longitudinal polarization and the
14
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Fig. 7. Functions ϕR(p,E) (solid curves) and ϕI(p,E) (dashed) for four different
energies close to threshold (mt = 180 GeV, αs = 0.125). The dotted lines show
the free particle result ϕR = p/mt. (Figure taken from [31].)
transverse polarization both are (strongly) changed by rescattering correc-
tions, but vanish after angular integration. For a detailed discussion of the
rescattering corrections and the construction of inclusive and exclusive ob-
servables which are sensitive to the top quark polarization, see [31, 32, 37].
Let me just note here that the rescattering corrections destroy the factoriza-
tion of the production and decay of the polarized top quarks. Nevertheless,
observables can be constructed which depend neither on the subtleties of
the tt¯ production process nor on rescattering corrections, but only on the
decay of free polarized quarks, even in the presence of anomalous top-decay
vertices (see [32, 38]).
• Axial contributions to the angular integrated cross section: P wave
contributions arise not only at O(v) due to S-P wave interference but also
as P 2-terms at next-to-next-to-leading order (NNLO). These contributions
are suppressed by v2 close to threshold. Still, they contribute at the percent
level and have to be taken into account at the NNLO-accuracy discussed
15
below. In addition these axial current induced corrections are an indepen-
dent observable and strongly depend on the polarization of the e+e− beams.
Numerical results for the total and differential cross section were obtained
recently within the formalism of non-relativistic Green functions [39]. Fig. 8
shows the total cross section as a function of the energy with and without
these contributions and their size relative to the pure S wave result for three
different values of the e− polarization. A cut-off pmax = mt/2 has been ap-
plied to cure the divergence of the integrated P wave Green function coming
from the large momentum region, where the non-relativistic approximation
breaks down.
2.5. Large next-to-next-to-leading order corrections
In view of the size of the NLO corrections one may ask how accurate the
theoretical predictions are. To answer this question within perturbation
theory convincingly one has to go to the next order, in our case to the
NNLO. The first step in this direction was done by M. Peter who calculated
the O(α2s) corrections to the static potential [40]. They turned out to be
sizeable and, furthermore, indicate limitations of the accuracy achievable
due to the asymptoticness of the perturbative series. As was studied in
[41], the series for the effective coupling in the Coulomb potential behaves
differently in the position and in the momentum space. Although potentials
formally may differ only in N3LO, the resulting theoretical uncertainty of
the total cross section in the 1S peak region is estimated to be of the order
6% [41].
Recently results of the complete NNLO relativistic corrections6 to tt¯
production near threshold became available [42, 43, 44, 45]. The results
are in fair agreement and modify the NLO prediction considerably. In the
following I will briefly describe the calculation and results.
Calculation and results. The problem can be formulated most trans-
parently in the framework of effective field theories. There one makes use
of the strong hierarchy of the physical scales top mass, momentum, kinetic
energy and ΛQCD with mt ≫ mtv ≫ mtv2 ≫ ΛQCD by integrating out
“hard” gluons with momenta large compared to the scales relevant for the
nonrelativistic tt¯ dynamics. This leads to non-relativistic QCD (NRQCD)
[46]. With mtv ≫ ΛQCD one can go one step further and integrate out
gluonic (and light quark) momenta of order mtv. Doing so one arrives at
6 Here NNLO means corrections of the order O(α2s, αsv, v
2) relative to the Born result
which contains the resummation of the leading (αs/v)
n terms.
16
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Fig. 8. a) The total cross section σ(e+e− → tt¯ ) as a function of E for three
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lines correspond to P− = −1, 0 and 1, respectively, where only S wave production
is taken into account. The dotted lines show the corresponding total cross sections
including the P wave contributions. b) Ratio of the P to the S wave contribution
σAAtot /σ
VV
tot for the three different e
− polarizations. (Figure taken from [39].)
the so-called potential NRQCD [47], and the dynamics of the tt¯ system can
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be described by the NNLO Schro¨dinger equation[
−
~∇2
mt
−
~∇4
4m3t
+ VC(~r ) + VBF(~r ) + VNA(~r )− (E + iΓt)
]
G(~r,E + iΓt) =
= δ(3)(~r ) . (11)
Note the appearance of the operator −~∇4/(4m3t ) which is a correction to
the kinetic energy. The instantaneous potentials are the two-loop cor-
rected Coulomb potential VC [40], the Breit-Fermi potential VBF known
from positronium, and VNA is an additional purely non-Abelian potential.
The cross section is again related to the imaginary part of the Green func-
tion at ~r = 0. In contrast to the NLO calculation the additional potentials
lead to ultraviolet divergencies in Eq. (11) which have to be regularized.
This can be done by introducing a factorization scale µfac which serves as
a cut-off in the effective field theory. The complete renormalization also re-
quires the matching of the effective field theory to full QCD. This involves
the determination of (energy independent) short distance coefficients. They
contain all information from the “hard” momenta integrated out before and
also depend on the cut-off µfac, so that in the final result the biggest part of
the factorization scale dependence cancels. In order to perform this match-
ing the knowledge of the corresponding NNLO results of the tt¯ cross section
in full QCD above threshold is essential [48]. Let me skip further details and
immediately discuss the results of the NNLO calculation7: Fig. 9a shows
the total cross section e+e− → γ∗ → tt¯ in units of σpoint = 4πα2/(3s) in
LO, NLO and NNLO (dotted, dashed and solid lines, respectively), where
in each case the three curves correspond to three values of the scale µsoft
governing the strong coupling in the potential(s). In Fig. 9b the dependence
of the NNLO prediction on the input parameter αs(MZ) is demonstrated.
These results are somewhat surprising: whereas large corrections are not
unusual for NLO calculations, the large corrections arising at NNLO were
unexpected. It is well visible from Fig. 9a that from leading to NLO the 1S
peak is shifted to lower energies by about 1 GeV and again moves by about
300 MeV if one includes the NNLO corrections. Moreover, the large negative
correction in the normalization from leading to NLO is partly compensated
by the big positive correction at NNLO. In addition the scale uncertainty,
which is often used as an estimate of the uncertainty of a (fixed order) per-
turbative calculation from higher orders, seems to be artificially small at
NLO but fairly big again at NNLO. This will make studies which mainly
depend on the normalization of the tt¯ cross section (like the extraction of
the Higgs mass) very difficult.
7 A more detailed discussion and complete formulae can be found in [42] (see also [49]).
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Fig. 9. (a) The total normalized photon-mediated tt¯ cross section at LO (dotted
lines), NLO (dashed lines) and NNLO (solid lines) for the scales µsoft = 50 (upper
lines), 75 and 100 GeV (lower lines). (b) The NNLO cross section for αs(MZ) =
0.115 (solid line), 0.118 (dashed line) and 0.121 (dotted line). (mt = 175 GeV,
Γt = 1.43 GeV. Figures taken from [42].)
In Fig. 10 the importance of the NNLO relativistic corrections to the ki-
netic energy and through the additional potentials VBF and VNA in Eq. (11)
are demonstrated: the dashed lines show the result where only the NNLO
corrections to the static Coulomb potential VC [40] are applied, the solid
lines show the complete NNLO result from [42].
We have argued above that the total cross section with its steep rise in
the threshold region (the remainder of the 1S peak as shown in Fig. 2) is
the “cleanest” observable to determine mt. From Fig. 9 it now becomes
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Fig. 10. Total cross section at NNLO as a function of the energy relative to
threshold with parameters as in Fig. 9a. The solid lines give the complete result
of [42] whereas the dashed lines contain only the NNLO corrections to the static
Coulomb potential VC [40].
clear that the problem of the strong correlation between mt and αs, which
was already discussed above, also appears through the different orders of
perturbation theory: a fit of experimental data from a threshold scan to
theoretical predictions (like indicated in Fig. 2) at a given order will result
in a determination of mt depending on the order. This is in principle noth-
ing wrong and is easily understood, as in higher orders the corrections to
the potential lead to a stronger effective coupling. Nevertheless now the
question arises:
Are there large theoretical uncertainties in the determination of
mt? First I would like to point out that the 1S peak shift from NLO to
NNLO is actually not too dramatic. Taking this shift as an estimate of un-
known effects in even higher orders would indicate a theoretical uncertainty
∆mt
<
∼ ΛQCD, which still leads to a relative accuracy of ∆mt/mt ∼ O(10−3)
for the top mass. Still, having argued that due to the large width Γt > ΛQCD
non-perturbative effects should be suppressed, an even smaller theoretical
uncertainty should be achievable. Concerning the large NNLO corrections
to the normalization and the large scale uncertainty I would like to com-
ment that there is reason to believe that the NNLO result is a much better
approximation than the NLO one and that corrections in even higher orders
should not spoil this picture [50]. But how can the stability of the prediction
be improved? The key point here is to remember that in all formulae and
results discussed up to now mt is defined as the pole mass. This scheme
seems, at first glance, to be the most intuitive one and to be suited for the
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non-relativistic regime. Nevertheless we know that mpole is not an observ-
able. It is defined only up to uncertainties of O(ΛQCD), and the large top
quark width Γt does not protect the pole mass m
pole
t [51]. By performing a
renormalon analysis it was recently shown in [52, 53] that the leading long-
distance behaviour which affects the pole mass in higher orders also appears
in the static potential. However, in the sum Estatic = 2m
pole+Ebinding these
contributions cancel and Estatic is free from renormalon ambiguities. The
separate quantities, mass and potential, suffer from a scheme ambiguity
which is not present in the sum. Therefore one should make use of a “short
distance” mass definition different from the pole mass scheme, which avoids
these large distance ambiguities.
Short distance mass definitions: Curing the problem. In principle
there exist infinitely many mass definitions which subtract the renormalon
ambiguities. In practice, however, this is not enough. On the one hand,
any new short distance mass mSD has to be related with high accuracy to
a mass in a more general scheme like the (modified) Minimal Subtraction
scheme (MS).8 Otherwise the extraction of mSD would be more or less
useless. On the other hand, the subtraction of renormalon contributions,
which become important at high orders of perturbation theory, will not be
enough to compensate the large shifts of the 1S peak observed at NLO and
NNLO. Recently different mass definitions were proposed which can fulfill
all the requirements: in Ref. [52] Beneke defined the “Potential Subtracted”
mass by
mPS(µf ) = m
pole − δm(µf ) (12)
where the subtraction is given by
δm(µf ) = −1
2
∫
|~q |<µf
d3q
(2π)3
V˜ (q) . (13)
The subtracted potential in position space then reads
V (r, µf ) = V (r) + 2δm(µf ) . (14)
This is equivalent to suppressing contributions from momenta q below the
scale µf in the potential. For µf → 0 one recovers the pole mass mPS →
mpole. By choosing µf larger, say 20 GeV, one can achieve a compensation
of the 1S peak shifts. Another mass definition is the 1S mass, originally
introduced in B meson physics [54], which defines the 1S mass as half of
8 This is possible because of the short distance characteristics of mSD and mMS which
makes the perturbative relation between the masses well behaved. The MS mass
itself cannot be used directly for the calculation of the tt¯ threshold, see [52].
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the perturbatively defined 1S energy. This m1S mass can be related reliably
to the MS mass. There are also other mass definition in the literature, see
e.g. the “low scale running mass” [55], which is similar to the concept of
the PS mass but differs in the actual µf -dependent subtraction. Studies
about the application of different mass definitions are underway and I can
only present preliminary results here: Fig. 11 shows our best prediction [50]
for the NNLO tt¯ cross section together with the NLO and LO results for
two different values of the renormalization scale µsoft governing the strong
coupling αs. In the upper plot the 1S mass scheme is used, whereas for
the lower plot the PS mass scheme is adopted. It is clear from these curves
that both mass definitions work well. The shift of the 1S peak is nearly
completely compensated. Differences in the normalization remain, but they
will not spoil the mass determination from the shape of the total cross
section near threshold. Of course more detailed studies are needed to find
the best strategy for a precise determination of mMSt , which is needed in
electroweak calculations.
3. Studies above Threshold
In the continuum top quarks are produced through the same annihila-
tion process as near threshold: e+e− → γ∗, Z∗ → tt¯ . Other (gauge boson
fusion) channels like e+e− → νeν¯ett¯ or e+e− → e+ν¯etb¯ are negligible,
except for e+e− → e+e−tt¯ , where the contribution from γγ fusion becomes
important at TeV energies. Formulae for the (polarized) production cross
section and subsequent decay are well known (see e.g. [56] and references
therein). Similar to the top quark analyses at Fermilab tt¯ events will be
reconstructed at an event by event basis and allow for a determination of
the top quark mass and its couplings. Due to the clean environment and
the large statistics (at
√
s = 500 GeV and with an integrated luminosity
of
∫ L = 50 fb−1 there will be >∼ 30000 tt¯ pairs!) high precision will be
reached at a future Linear Collider. In the following I will briefly outline a
few important cases of top physics above threshold.
• Kinematical reconstruction of mt above threshold. The top can
be reconstructed from 6 jet and 4jet+l+ν events. For centre of mass en-
ergies far above threshold the top and antitop signals will be in different
hemispheres and t and t¯ may be reconstructed separately. Constraints
from energy and momentum conservation in the fitting procedure can im-
prove the mass resolution considerably. Experimental studies [56] (see also
[57]) have demonstrated that a high statistical accuracy of the order of
∆mt(stat.) ∼ 150 MeV can be achieved at a future Linear Collider. But
22
0
0.2
0.4
0.6
0.8
1
1.2
346 348 350 352 354 356 358 360
s
1/2
 [GeV]
R
tt
ba
r
a) 1S mass scheme
dotted: LO,  dashed: NLO,  solid: NNLO
upper curves: µ = 20 GeV,  lower curves: µ = 60 GeV
0
0.2
0.4
0.6
0.8
1
1.2
346 348 350 352 354 356 358 360
s
1/2
 [GeV]
R
tt
ba
r
b) PS mass scheme
   µf = 20 GeV
dotted: LO,  dashed: NLO,  solid: NNLO
upper curves: µ = 20 GeV,  lower curves: µ = 60 GeV
Fig. 11. Total cross section e+e− → γ∗ → tt¯ in units of σpoint = 4πα2/(3s)
as a function of
√
s. Dotted, dashed and solid lines correspond to the LO, NLO
and NNLO results. The upper curves are obtained with the renormalization scale
µ = 20 GeV, the lower ones with µ = 60 GeV. a) 1S mass scheme, and b) PS mass
scheme with µf = 20 GeV. (mt = 175 GeV, Γt = 1.43 GeV and αs(MZ) = 0.118.)
in contrast to the analysis at threshold many experimental uncertainties
and not very well known hadronization effects will limit the total expected
accuracy to ∆mt ∼ 0.5 GeV.
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• Top formfactors. Top quarks are produced with a high longitudinal
polarization. Due to the large top width Γt hadronization is suppressed and
the initial helicity is transmitted to the final state without depolarization.
Therefore, in contrast to the case of light quarks, t helicities can be de-
termined from the (energy-angular) distributions of jets and leptons in the
decay t → bW+ → bf f¯ ′ , similar to the case of Z polarization analyses at
LEP and SLC. This will allow to measure the formfactors of the top quark
in detail [58]. The relevant current can be written as
jaµ ∝ γµ
(
F a1,LPL + F
a
1,RPR
)
+
iσµνq
ν
2mt
(
F a2,LPL + F
a
2,RPR
)
, (15)
with the form factors F a (a = γ, Z, W ). At lowest order in the SM, F γ1,L =
F γ1,R = F
W
1,L = 1 , F
γ
2,L = F
γ
2,R = F
W
1,R = 0 and F
Z
1,L = gL, F
Z
1,R = gR. A
non-zero value for (F γ,Z2,L + F
γ,Z
2,R ) is caused by a magnetic (γ) or weak (Z)
dipole moment, whereas a non-zero value for the CP-violating combination
(F γ,Z2,L −F γ,Z2,R ) by an electric (weak) dipole moment. These moments would
influence distributions for the top production process, e.g. by inducing an
extra contribution proportional to sin2 θ in the differential cross section:
dσ
d cos θ
∝
[
mt
E
(F1,L + F1,R) +
E
mt
2 (F2,L + F2,R)
]2
sin2 θ . (16)
The extra (F2,L+F2,R) term leads to an additional spin-flip contribution and
therefore changes the total and differential cross section. At a future Linear
Collider such an anomalous magnetic moment of the top quark (g − 2)t
could be seen up to a limit of ∆δ <∼ 4% (δ ≡ F γ2,L + F γ2,R) [58], for
∫ L = 50
fb−1 at
√
s = 500 GeV. With especially defined observables an anomalous
electric and weak dipole moment due to CP violating formfactors δγ,Zt ∝
(F γ,Z2,L − F γ,Z2,R ) could be observed up to a limit of ∆dγ,Zt <∼ 5 · 10−18ecm (for∫ L = 10 fb−1 at √s = 500 GeV).
A measurement of FW1,R 6= 0 would signal non-SM physics like a (V+A)
admixture to the top charged current, a WR boson or the existence of a
charged Higgs boson. FW1,R can be studied by help of the energy and angu-
lar distributions of the top quark decay leptons [59]. It could be constrained
up to ∆κ2 <∼ 0.02 (κ2 ∼ |FW1,R|2) with a luminosity of
∫ L = 50 fb−1 in the
threshold regime, which is best suited for such a measurement.
• Rare top decays. In the SM top quark decays different from t→ bW+
are strongly suppressed. On one hand, the unitarity of the CKM matrix
constrains Vtb ≃ 0.999, giving not enough room for top decays to the s or d
24
quark at an observable rate. On the other hand, due to the GIM mechanism
[60], flavour-changing one-loop transitions like t → cg, t → cγ, t → cZ or
t→ cH are also extremely small [61, 62]. However, in extensions of the SM
like the MSSM extra top quark decay channels like t→ bH+, t→ t˜χ˜0, b˜χ˜+1
may be open. In general branching fractions of up to 30% are possible. The
experimental signatures are clear and will be easily detectable [63, 3]. With
an integrated luminosity of
∫ L = 50 fb−1 it will be possible to observe
t → bH+ up to mH+ <∼ mt − 15 GeV, and t → t˜χ˜0 down to a branching
fraction of ∼ 1% at the 3σ level.
• Direct observation of the top Yukawa coupling. Although the
Higgs boson will hopefully be discovered before the future Linear Collider
starts operation, the detailed study of the Higgs and its couplings will re-
main one of the main tasks of the LC. There one will be able to test if
the Higgs Yukawa coupling to the top quark deviates from the SM value
λ2t =
√
2GF m
2
t ∼ 0.5. Studies at threshold will be difficult (see above), but
due to this large coupling (in comparison to λ2b ∼ 4 · 10−4) the tt¯H0 vertex
will be accessible through Higgs-strahlung at high energies. For MH ≤ 2mt
one will measure λ2t through the process e
+e− → tt¯H with the Higgs sub-
sequently decaying into a pair of b quarks. For MH ≥ 2mt two differ-
ent processes will be dominant: Higgs radiation from Z (in e+e− → ZH)
with subsequent decay of the Higgs into tt¯, and the fusion of W+W− (in
e+e− → νν¯H) into the Higgs which then decays into tt¯. With eight jets
in the final state of the fully hadronic decay channels, which satisfy many
constraints, these processes will have clear signatures. Still, even despite the
large Yukawa coupling, the cross sections are quite small, amounting only
to a few fb. Here the planned high luminosity of the latest TESLA design
will be most welcome. Extensive studies were performed and come to the
conclusion that at high energy and with high luminosity λ2t may finally be
measurable with an accuracy of 5% at a future LC [64].
4. Conclusions
I have reviewed the subject of top quark physics at a future e+e− Linear
Collider, emphasizing top quark physics at threshold. Threshold studies
will determine the SM parameters mt, αs and Γt with very high accuracy:
∆mt/mt
<
∼ 10−3 , ∆αs
<
∼ 0.003 and ∆Γt/Γt
<
∼ 0.05 seem to be possible
from experimental point of view. Recent theoretical progress shows, that
in order to achieve such a high accuracy also in the theoretical predictions,
mass schemes different from the pole mass should be employed to disentan-
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gle correlations between mt and αs as well as infrared ambiguities in the
definition of mpolet .
In addition to the total cross section and the momentum distribution
of top quarks also observables like the forward-backward asymmetry, po-
larization and axial contributions are calculated. These observables will be
accessible by help of large statistics due to the high luminosity and by the
possibility to have polarized e+e− beams. Above threshold formfactors of
the top quark and the top Yukawa coupling will be measured. One may
study rare top decays and get sensitive to non-SM physics.
The future Linear Collider will therefore be the machine to study top
quark physics in detail, to understand the SM better and eventually to learn
more about what comes beyond it. I hope to have shown that top quark
physics is an interesting field both for Theory and Experiment. Further
work will be needed to understand the heaviest known particle better, be-
fore data become available.
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